For square contingency tables with nominal categories, Tomizawa (1994) and Tomizawa, Seo and Yamamoto (1998) considered measures that reflect the degree of departure from symmetry. This paper proposes a generalized measure for T -way (T ≥ 3) tables. The proposed measure is expressed by using the power divergence of Cressie and Read (1984) or the diversity index of Patil and Taillie (1982) . The measure could be useful for comparing the degrees of departure from symmetry in several multi-way tables. Some examples of analysis using biomedical data are shown.
Introduction
Consider an R × R square contingency table that has the same nominal row and column classifications. Let pij denote the probability that an observation will fall in the ith row and jth column of the table (i = 1, 2, . . . , R; j = 1, 2, . . . , R). Symmetry is defined as pij = pji for i = 1, 2, . . . , R; j = 1, 2, . . . , R (see Appendix A). Note that Tomizawa, Miyamoto and Hatanaka (2002) considered a measure for square contingency tables with ordinal categories.
Symmetry may also be considered for multi-way R T (T ≥ 3) contingency tables (see Bishop et al., 1975, p.300, and Agresti, 2002, p.440) . We can test whether there is symmetry in a multiway contingency table using the likelihood ratio chi-squared statistic or Pearson's chi-squared statistic. However, since these test statistics describe absolute magnitudes, they do not represent efficiently how far is the degree of departure from symmetry, and they may not be suitable for comparing the degrees of asymmetry in several tables (see also Section 6). We are therefore interested in a measure that represents the degree of departure from symmetry in a multi-way table.
The purpose of this paper is to propose a power-divergence-type measure, which represents the degree of departure from symmetry in multi-way contingency tables with nominal categories.
In Section 2, we propose the measure for the case of a three-way table, and in Section 3, for the case of T -way (T ≥ 4) tables. It should be useful for comparing the degrees of departure from symmetry toward the maximum degree of asymmetry in several tables.
Measure for three-way tables

Measure
Consider an R × R × R contingency table having nominal categories. Let p ijk denote the probability that an observation will fall in the (i, j, k) cell of the table for 1 ≤ i, j, k ≤ R. Symmetry (S) is defined as
It is easily seen that S holds if and only if both S1 and S2 hold, where S1 is defined as Define the conditional probabilities p * ijk [t] = p ijk δt for (i, j, k) ∈ Et, and t = 1, 2.
Note that p * ijk [t] indicates the probability that an observation will fall in cell (i, j, k) , on the condition that it falls in one of the cells in Et.
Consider the following measure, which represents the degree of departure from the S: and where the value at λ = 0 is taken to be the continuous limit as λ → 0. Thus, for t = 1, 2, Φ Read, 1984, and Cressie, 1988, p.15.) For
For example, for the 4 × 4 × 4 table,
,
In addition, let
For example, for the case of a 4 × 4 × 4 table, D(1, 2, 3) = {(1, 2, 3), (1, 3, 2), (2, 1, 3), (2, 3, 1), (3, 1, 2), (3, 2, 1)}, and D(1, 2, 2) = {(1, 2, 2), (2, 1, 2), (2, 2, 1)}.
Note that p c ijk [t] , t = 1, 2, indicates the probability that an observation will fall in cell (i, j, k) , on the condition that the observation falls in one of the cells in D (i, j, k) 
Then, {Φ (λ) t }, t = 1, 2, may be expressed as,
}´,
where
Moreover, these may be expressed as
must lie between 0 and 1, and therefore Φ (λ) must lie between 0 and 1. We
2 ) ≤ 1. Also, (i) the R × R × R table has structure of the form S if and only if Φ 
}´for λ > −1,
where the value at λ = 0 is taken to be the limit as λ → 0.
ijk may be expressed as
It is seen that each measure must lie between 0 and 1. Also, for each λ (> −1), and for fixed i, j, and k, 
Extension to multi-way tables
We extend the measure proposed in Section 2 to multi-way tables. Consider an R T 
is any permutation of (i1, i2, . . . , iT )} .
In particular, when T = 3, S is defined as 
Note that
For example, in the case of a 4 4 table, E (r 1 ,r 2 ,...,r T ) can be divided into 4 groups as follows, Consider a measure of departure from S defined as
and Φ (λ) r 1 r 2 ...r T is a measure of departure from S (r 1 ,r 2 ,...,r T ) (defined below), and the value at λ = 0 is taken to be the continuous limit as λ → 0. Therefore Φ (λ) would represent the average of {Φ
..r T } on condition that an observation falls in one of the off-main-diagonal cells of the
When λ = 0, this is,
These may also be expressed as, for (r1, r2, .
Moreover, for (r1, r2, . . . , rT ) ∈ S * , these may be expressed as
Note that Φ (λ) with T = 3 is analogous to Φ (λ) considered in Section 2. 
Approximate confidence intervals for measures
Let ni 1 i 2 ...i T denote the observed frequency in the (i1, i2, . . . , iT ) cell of the R T table (it = 1, 2, . . . , R; t = 1, 2, . . . , T ) with T ≥ 3. Assuming that the {ni 1 i 2 ...i T } result from full multinomial sampling, we consider an approximate standard error and large-sample confidence interval for Φ (λ) , using the delta method, descriptions of which are given by, Bishop et al. (1975, Sec.14.6) and Agresti (1984, p.185, Appendix C) . The sample version of Φ (λ) ,Φ (λ) , is given by Φ (λ) with
Using the delta method,
with mean zero and variance σ 2 [Φ (λ) ], where
and for λ = 0,
has asymptotically (as n → ∞) a normal distribution with mean zero and variance, σ
, which is given in Appendix B.
, where z p/2 is the percentage point from the standard normal distribution corresponding to a two-tail probability equal to p.
Examples
Example 1:
The data in Table 1 give the results of a multinational (13 countries Table 2 gives the estimates of the measure Φ (λ) , the estimated approximate standard error forΦ (λ) and the approximate 95% confidence interval for Φ (λ) . Because the confidence intervals for Φ (λ) applied to the data for treatment B in Table 1 include zero for any λ (> −1) (see Table 2 ), this would indicate that there is either symmetry with treatment B or the degree of departure from symmetry is slight. In contrast, the confidence interval of Φ (λ) applied to the data for treatment A (see Table 2 ) indicate that there is asymmetry with treatment A.
In addition, when the degrees of departure from symmetry for each the treatments A and B are compared using the confidence intervals for Φ (λ) , the degree of departure with treatment A would be stronger than that with treatment B. This is because, for any given λ (> −1), the values in the confidence interval for Φ (λ) applied to the data for treatment A are greater than the values in the corresponding confidence interval for Φ (λ) applied to the data for treatment B.
We see from Table 1 
Example 2:
Consider the data in Table 3 , which are from Grizzle, Starmer and Koch (1969) . Table 3 comes from a crossover study in which 46 subjects used each of three drugs for treatment of a chronic condition at three times. The response measured the reaction as favorable or unfavorable.
The 2 × 2 × 2 table gives the (favorable, unfavorable) classification for reaction to drug A in the first dimension, drug B in the second, and drug C in the third.
Since the confidence intervals for Φ (λ) applied to the data in Table 3 do not include zero for any λ (> −1) (see Table 4 ), this would indicate that there is asymmetry in the data of Table 3 .
We shall further analyze the data of Table 3 using Φ
ijk with (i, j, k) = (1, 1, 2), (1, 2, 2). Taken from Grizzle et al. (1969) . ijk , (i, j, k) = (1, 1, 2), (1, 2, 2), estimated approximate standard errors forΦ (λ) ijk and approximate 95% confidence interval for Φ (λ) ijk , applied to the data of Table 3 . observations such that only one of the three responses is "Unfavorable" is greater than the value of measure Φ (λ)
122 for the combination of responses such that only one of the three responses is "favorable". Therefore, judging which of the drugs A, B and C is most unfavorable may be easier than judging which of them is the most favorable. Indeed, the value of observation such that the combination of responses for drugs (A, B, C) is (Favorable, Favorable, Unfavorable), 16, is the greatest.
Concluding remarks
The measureΦ (λ) could be useful when we want to see whether there is symmetry, and when we want to compare the degrees of asymmetry in categorical response data that many studies observe for each subject repeatedly, at several times or under various conditions, as shown in Example 1. In addition, the measureΦ (λ) may be useful to compare three (or more) drugs in a crossover study in which each subject uses each of those drugs at several times, as shown in Example 2. In the case of a crossover study, when symmetry does not hold, we are interested in finding which symmetrically located cells contribute most to the departure from symmetry.
By examining the internal structure of symmetry, we can know which of the drug combination responses are the strongest. However, we cannot obtain such information merely by examining the degree of departure from marginal homogeneity.
We assume that there is an underlying three-dimensional normal distribution with equal variances but different means for the first, second and third variables, and that an R × R × R table is formed using cutpoints for each variable. Consider random variables Z1, Z2 and Z3 having a joint three-dimensional normal distribution with means E(Z1) = µ1, E(Z2) = µ2 and E(Z3) = µ3, variances var(Z1) = var(Z2) = var(Z3) = σ 2 , and correlation corr(Z1, Z2) = corr(Z1, Z3) = corr(Z2, Z3) = ρ, namely, with intraclass correlation structure. Tables 6a and 7a give the simulated 4 × 4 × 4 tables of sample size 10000, formed by using cutpoints for each variable at µ1, µ1 ± 0.6σ, for an underlying three-dimensional normal distribution with σ 2 = 1 and ρ = 0, 0.3, 0.6, 0.9. Tables 6b and 7b give the corresponding values ofΦ (λ) . We can see from Tables 6b and 7b that (i) for any fixed λ,Φ (λ) in Table 6a increase as ρ increases, (ii) for any fixed Table 7a also increase as ρ increases, and (iii) for any fixed ρ and λ,Φ (λ) is greater for Table 7a with µ2 − µ1 = 0.6 than for Table 6b with µ2 − µ1 = 0.4. As ρ (≥ 0) approaches 1, the three-way table with an underlying three-dimensional normal distribution (with equality of variances) tends to have zero observations in one or the other of the off-diagonals (see Tables 6a   and 7a ). Therefore, it seems natural to assume that as ρ approaches 1, the degree of asymmetry for the observed three-way contingency tables tends to approach the maximum. So,Φ (λ) may be useful for measuring the degree of asymmetry in a three-way table formed from an underlying three-way normal distribution with equal variances and equal correlation.
We point out that generally the confidence intervals of Φ (λ) might be expected to perform less well for small (large) values of Φ (λ) , so that the lower (upper) bound is near 0 (1) or even beyond the range [0, 1] of Φ (λ) . Consider the following simulation studies. Table 8 gives the artificial 3 × 3 × 3 tables of sample size n = 50 (Table 8b) , n = 100 (Table 8c) , n = 500 (Table 8d) , and n = 1000 (Table 8e) , which are obtained from the probability distribution with Φ Table 8a . Table 9 gives the values ofΦ (λ) and the estimated 95% confidence intervals for each table. From Table 8 we see that (i)Φ (λ) approaches Φ (λ) for all λ as the sample size n increases, and (ii) when n = 100 and λ = 3, the lower confidence bound for Φ (λ) is beyond 0. So, generally, when Φ (λ) is near 0 or 1 and when n is small, the confidence interval for Φ (λ) may extend beyond the range [0, 1].
For testing the goodness-of-fit of a model, the analyst usually uses the likelihood ratio chi- Table 6a . Table 7a . 1  2  3  1  2  3  1  2  3  1  2  3  26  14  11  19  17  17  6  34  12  31  19  12  23  17  8  37  16  25  19  29  11  9  16  10  17  19  26 (e) n = 1000 1  2  3  1  2  3  1  2  3  1  2  3  44  21  21  44  40  37  15  85  24  54  32  20  50  38  13  68  39  50  39  49  34  21  27  15  35  38  47 of measureΦ (λ) may be less for Table A than for Table B , yet the value of W (λ) greater for Table   A than for Table B . For example, consider the artificial 2 × 2 × 2 tables in Tables 10a and 10b .
We see that (i) for Table 10a , the sample proportions for the combination of cells (1,1,2) and (1,2,2) are (0.4, 0.15, 0.05) and (0.1, 0.1, 0.1), respectively, and (ii) for Table 10b they are (0.2, 0.1, 0.1) and (0.1, 0.1, 0.1), respectively. Therefore it seems natural to conclude that the degree of departure from symmetry is greater for Table 10a than for Table 10b . We see from Table 11 that the values ofΦ (λ) are greater for Table 10a than for Table 10b , but the values of W (λ) are less for Table 10a than for Table 10b . Therefore, the measureΦ (λ) may be useful for comparing the degree of departure from symmetry in several multi-way tables. Table 8a . Table 10 . Artificial 2 × 2 × 2 data for sample sizes (n) of 100 and 1000. The reader may be interested in which value of λ is preferred for a given table, but we cannot provide clear guidance. It seems to be important that, for given tables, the analyst calculate the values ofΦ (λ) for various values of λ and assess the degree of departure from symmetry in terms ofΦ (λ) . In addition, if the analyst wants to see with a minimum distance measure how distant the cell probabilities are from those under symmetry, the case of λ = 0, i.e.,Φ (0) (see Section 3), may (λ) ) using the delta method may not be applicable in the case of sparse data having small cell counts. However, it is beyond the scope of this paper, the purpose of which is to propose a measure that represents the degree of departure from symmetry for multi-way tables. We intend to conduct further research to address the impact of sparse tables.
